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Abstract. In this paper, we define a two-variable analogue of Perrin-Riou's p-adic regulator map for 
the Iwasawa cohomology of a crystalline representation of the absolute Galois group of Qp, over a Galois 
extension -Koo/Qp whose Galois group G is an abelian p-adic Lie group of dimension 2. 

We use this regulator map to study p-adic representations of global Galois groups over certain abelian 
extensions of number fields whose localisation at the primes above p is an extension of the above type. 
In the example of the restriction to an imaginary quadratic field of the representation attached to a 
modular form, we formulate a conjecture on the existence of a "zeta element" , whose image under the 
regulator map is a p-adic L-function. We show that this conjecture implies the known properties of the 
2-variable p-adic L-functions constructed by Perrin-Riou and Kim. 

1. Introduction 

In the first part of this paper (Sections 3 and 4), we develop a "two- variable" analogue of Perrin-Riou's 
theory of p-adic regulator maps for crystalline representations of p-adic Galois groups. 

Let us briefly recall Perrin-Riou's cyclotomic theory as developed in [PR 95]. Let p be an odd prime, F 
a finite unramified extension of Qp, and V a continuous p-adic representation of the absolute Galois group 
Qf oi F which is "good crystalline" (crystalline with Hodge-Tate weights > 0) and with no quotient 
isomorphic to the trivial representation. Then there is a regulator map 

C'^py : Hl{F{tip^),V) ► niV) B,UV) 

which interpolates the values of the Bloch-Kato dual exponential maps for the twists V{j)^ j € Z, over 
each finite subextension F{fipn). Here H(r) is the space of Qp-valued distributions on the group F = 
Gal(F(/Xpoo ) /F) = Zp , and H^^ {F{^p<x> ),V) is the submodule of bounded sequences in ^m ^^ {F{^pn ),V). 

It is natural to ask whether or not this may be extended to consider twists of V by more general 
characters oi Qp. We give a complete answer to this question in the case F ~ Qp. In this case 
any continuous character Qp ^ Cp factors through the Galois group G of an extension of the form 
Kao = Loo (/^p=° ) , where Loo is an uramified extension of Qp whose Galois group is isomorphic to the 
product of Zp and a finite group of order prime to p. Denote by ioc the p-adic completion of Lqq. 

Theorem 1.1. For any crystalline representation V ofQiQ^, there exists a regulator map 

: HUI<oo,V) ► H£^(G) D„is(l^) 

interpolating the maps C^y for all unramified extensions F/Qp contained in Lao- 

See Theorem 4.5 for a precise statement of the result. Unlike the cyclotomic case, this result holds 
whether or not V has trivial quotients. 

We note in passing that an extension L^o as above will generally contain many distinguished subexten- 
sions whose Galois groups are isomorphic to Z^ , obtained from the torsion points of height 1 Lubin-Tate 
formal groups. Note that if Gal(Loo/Qp) == Z^ , then any such Lubin-Tate formal group becomes iso- 
morphic to the multiplicative formal group over Loo- For such height 1 Lubin-Tate extensions of Qp, an 
analogue of the p-adic regulator map has been constructed by Zhang [Zha04]. In the case V = Qp(l), 
we deduce from a result of de Shalit [dS87] that the two- variable regulator map Cy recovers the p-adic 
regulator maps for all Lubin-Tate subextensions of i^oo (see Section 7.4). We expect that this should 
hold for arbitrary good crystalline representations V\ we shall return to this issue in a subsequent paper. 

In Sections 5 and 6, we use the 2-variable p-adic regulator to study global Galois representations. Let 
K he a finite extension of Q in which p splits completely, and let i^oo be an abelian p-adic Lie extension 
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of K which is Galois over Q such that the following properties hold: (1) each prime p \ p oi K decomposes 
into finitely many primes in Koo, and (2) for each prime q above p, the local extension K^^q/Kp is of 
the type considered above. Let G = Gal{Koo/ K). In Section 5.2, we extend the regulator map to a map 

where Zj^^p{Koo,V) is the direct sum of the Iwasawa cohomology groups at each of the primes q | p and 
Loo is the p-adic completion of a certain unramified extension of Qp. There is a natural localisation map 

Hl^siKoo.V) ^ Zl^p{Koo, V) 
pIp 

where H^^ si-^oo^ ^) denotes the inverse limit of global cohomology groups unramified outside a fixed 
set of primes 5*. As in the case of Perrin-Riou's cyclotomic regulator map, our map jCy allows elements 
of Iwasawa cohomology (or, more generally, of its exterior powers) to be interpreted as Deris-valued 
distributions on G (after extending scalars). Assuming a plausible conjecture analogous to Leopoldt's 
conjecture, we use the map Cy to define a certain submodule IIarith(^^) of the distributions on G with 
values in an exterior power of Bcris- Following Perrin-Riou [PR95], we call larith(V^) the module of 
2-variable L-functions. We conjecture that there exist special elements of the top exterior power of 
^rw,s(-^oo,^^) ("Euler systems") whose images under the regulator map are j>-adic i-functions, and 
that these should generate Iarith(^^) as a module over the Iwasawa algebra Aq^{G). 

In Section 7, we investigate in detail two instances of this conjecture that occur when the field K 
is imaginary quadratic. We first show that for the representation Zj,(l), our regulator map coincides 
with the map constructed in [Yag82]. In this paper, Yager shows that his map sends the Euler system 
of elliptic units to Katz's p-adic L- function. As the second example, we study the restriction to Gk 
of the representation attached to a weight 2 modular form: here we predict the existence of multiple 
distributions, depending on a choice of Frobenius eigenvalue at each prime above p (Conjecture 7.15), and 
we show that our conjectures imply the known properties of the 2-variable p-adic L-functions constructed 
by Perrin-Riou [PR93] (for / ordinary) and by B.D. Kim [KimlO] (for / non-ordinary). 

For lack of space, the formulation of the general conjecture (for global Galois representations arising 
from motives) as well as its relation to the conjectures in [FKOG] will be the subject of a future paper. 

2. Setup and notation 

2.1. Fields and their extensions. Let p be an odd prime, and denote by /ipoo the set of p-power roots 
of unity. Let K be either Q or Qp. For a finite extension L of K, define the Galois groups Ql — Gal(iir/i) 
and Hh = Gal(i^/L(/ipoo)). A p-adic Lie extension of iiT is a Galois extension Koo such that Ga.\{Koo/ K) 
is a compact p-adic Lie group of finite dimension. 

For n > 1, let Q„ = Q(^pi«) and similarly Qp,„ = Qp(/ipi). Define Qoo = IhnQn and Qp.oo = lirn Qp,n. 
Write r for the Galois group Gal(Q(/Xpoo)/Q) = Gal(Qp(/Xpoc)/Qp), which we identify with Zp via the 
cyclotomic character x. Then P = A x Pi, where A is cyclic of order p ~ 1 and Pi = Zp, so in particular 
Qoo (resp. Qp,cx)) is a p-adic Lie extension of Q (resp. Qp) of dimension 1. We fix a topological generator 
7 of Pi. 

Let Fn denote the unramified extension of Qp of degree p", and let Foo = Un-^"- write On for 
the ring of integers of F„, Ooo for the union of these, and Ooo for the p-adic completion of Ooo- We 
denote by Foo the fraction field of Ooo- We write U = Gal(Foo/Qp), which we identify with Zp via the 
canonical character rj which sends arithmetic Frobenius to 1. 

2.2. Iwasawa algebras and power series. Let G be a compact p-adic Lie group, and L a complete 
discretely valued extension of Qp with ring of integers O. We let Ao{G) — \un^O[G/H], where the 
limit is taken over open subgroups H. If O = Zp, we sometimes omit the subscript and write A(G) for 
Az,(G). 

Let / denote the radical of Aq (G). Then Aci(G) = O ®z A^ (G), where the completion is with 
respect to the /-adic topology. We shall mostly be concerned with the case when G is commutative: in 
this case / is the kernel of A^^ (G) Fp [A] , where the finite group A is the quotient of G by its pro-p 
Sylow subgroup. 
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Remark 2.1. Note that if [L : Qp] is finite, then A{G) Ol is already complete; but we shall need to 
consider the case where L has infinite residue field, where this does not hold. 

We let Al{G) = L ®c>l A(G). We equip Al{G) with the strongest locally convex topology compatible 
with the /-adic topology on Ao{G). It is well known that Al{G) can be identified with the continuous 
dual of the space G{G,L) of L-valued continuous functions on G, with the ring structure defined by 
convolution. The topology with which we are equipping Ai(G), the topology can be characterised as 
the topology of convergence on compact subsets of G(G,L). 

Let T-Ll{G) be the space of L- valued distributions on G (the continuous dual of the space G^^{G,L) 
of i-valued locally analytic functions on G), with the ring structure again defined by convolution. The 
natural map G^'^{G,L) ^ G{G,L) has dense image, and hence induces an injection Al{G) ^ HLiG). 
We equip HLiG) with the strong topology, with respect to which ?^i(G) is a nuclear Frechet space. 

Lemma 2.2. The natural map Ai(G) ^ TLl{G) is continuous (with respect to the topologies described 
above). 

Proof. Let us choose a basis of neighbourhoods G„ of the identity in G consisting of good analytic open 
subgroups. Then G„ is the Qp-points of an affinoid rigid analytic group and we may define the space 
G^"~''"(G, L) of functions on G whose restriction to each coset of (G„ is the restriction of an L-valued 
analytic function on 

Recall that HiiG) is the topological inverse limit of the strong duals G*^"~'*"(G, It therefore 
suffices to show that the natural map Al{G) — G^"~'^"(G, L)!, is continuous. But the natural inclusion 
/ : G'^"-^"(G,L) ^ G(G,L) is a compact map, so if B is the unit ball of G^"-^"(G,L), f{B) is c- 
compact and bounded by [Scli()2, Remark 16.3]. Hence it is compactoid, and therefore any sequence of 
elements in Al{G) which converge in the topology above must converge uniformly on f{B). □ 

For the group F ^ Z* as in Section 2.1, we may identify T-LLiT) with the space of formal power series 

{/ e i[A][[X]] : / converges everywhere on the open unit p-adic disc}, 

where X corresponds to 7 — 1. We can then identify Ai(F) with the subring of 'Hl(F) consisting of 
power series with bounded coefficients. Similarly, we define HQ^i^i) as the subring of Hq^iT) defined 
by power series over Qp, rather than Qp[A]. 

For a character ry : A — >■ , we write e,, = (p — 1)^^ J2creA''l~^i'^)'^- ^ A£;(F)-module, its 

ry-isotypical component is given by = e^M. When 77 = 1, we write M'^ in place of Af. 

2.3. Fontaine rings. We review the definitions of some of Fontaine's rings that we use in this paper; 
details can be found in [Ber04] or [LLZIO]. We write B,tg for the ring of power series /(tt) G Qp[[7r]] 
such that f{X) converges everywhere on the open unit p-adic disc. Equip Bjtg q with actions of F and 
a Frobenius operator (p by g.n = (tt + 1)'<^(^) — 1 and (p{n) = (tt + 1)*^ — 1, so in particular (p is injective. 
We define a left inverse ip oi ip satisfying 

v'°V'(/w) = - E /(c(i+^)-i)- 

Inside IB^^ q , we have subrings Aq = ^piiTi"]] and = Qp Aq which are stable under the 
actions of ip, ip and F. Write t = log(l + tt) S Q ^^'i 9 = 'y'(^)/^ G -'^q • ^ formal power series 
calculation shows that g{t) ~ x{9)i for .9 £ T and p{t) ~ pt. 

The action of F on B^g gives an isomorphism of Hqp(F) with (B^t^ Qp)^^^^ ^he Mellin transform 

9n:HQ,(F)^(B+gQjV-o 

/(7 -1)^/(7 + 1). 

It is easy to see that 971 identifies Azp(F) with (A+ )'^=°, Hq^CFi) with (1 + 7r)(^(B+g q ), and Az^(Fi) 
with (1 + n)ip{Al ). (See [PROl, B.2.8] for more details.) 
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2.4. Crystalline and de Rham representations. Let K be a finite extension of Qp, and V a contin- 
uous representation of Qk on a Qp-vector space of dimension d. Recall that DdR(^) denotes the space 
iy ®'Qp BdR,)^'^, where Bjr is Fontaine's ring of periods. This space DdR(l^) is a filtered /C-vector space 
of dimension < d, and we say V is de Rham if equality holds. If j E Z, FiF ID)dR(^) denotes the j-th 
step in the Hodge filtration of DdR(l^). Wc say V is positive if DdR(y) = Fil°DdR(^) (following the 
standard, but unfortunate, convention that positive representations are precisely those with non-positive 
Hodge- Tate weights). 

If L is a finite extension of K, we shall sometimes write ^^^iV) for the Dieudonnc module of the 
restriction of V to Ql, which can be canonically identified with L ®k UdR(V^)- 

For an integer j, V{j) denotes the jth Tate twist of V, i.e. V{j) = V (8)Qp where Qk acts on ej via 
X"* , where x '■ ^ is the cyclotomic character. We have 

For any v E ID)dR(l^), Vj — t~^v (g) ej denotes its image in DdR(^(i))- 
We write 

exp^_^. : K r^F Bcris(T^) ^ H\K, V) 
for the Bloch-Kato exponential of V over K (c.f. [BK90]) and 

exp^ v- : H\K,V*{1)) Fi\" B,,,,{V* {!)) 

for its dual. 

We also consider the crystalline period ring Bdis, and define similarly ^cris{V) = {V (S^q Bcris)^^^- We 
shall only need this construction when K/Qp is unramified, in which case Deris (^^) is a filtered i^T- vector 
space of dimension < d endowed with a Frobenius ip. We say V is crystalline if dim/^ Bcris(l^) = d, in 
which case V is automatically de Rham, and there is a canonical isomorphism of filtered iiT- vector spaces 

Finally, assume that L is a number field, and let p be a prime of L dividing p. Fix a prime *P of L 
above p, and identify Ql^ with the decomposition subgroup of *P in C/^. If y is a Qp-representation of 
Gl, we write Deris, p(V^) for B)criB{V\g^^). 

2.5. (iy9, r)-modules and Wach modules. Let K be a finite extension of Qp, and let T be a Zp- 
representation of Qk (that is, a finite-rank free module over Zp with a continuous action of Qk)- Denote 
the ((y9, r)-modulc of T by D/f (T). 

Note 2.3. To simplify the notation, we write D(T) instead ofI}Q^{T). 

Lemma 2.4. Assume that T is a "Lp-representation of Q^^. If K is a finite unramified extension of 
Qp, then we can canonically identify D^f (T) with ©(T) 0^^^ Ok, where acts on Ok vio- the arithmetic 
Frobenius. 

Proof. By construction, Ok is a subring of Fontaine's ring A, so we have a canonical injective map 
i : (E)Zp Ok ^ ^ which is compatible with the actions of (p and F and whose image maps surjcctively 
onto the field of norms of K{^p^)\ hence i identifies Aq ®2, Ok with Kk- 
The map i also induces a canonical map 

D(T) Ok^T a. 

It image is an ctale free finitely generated module over Kk equipped with semi-linear actions of p and 
F, so it is equal to Da'(T). □ 

Assume now that K is a finite unramified extension of Qp. Let T be a Zp-rcprcscntation of Qk of rank 
d, and let V = T[p~^]. Denote the Wach module of V (respectively T) by (1/) (respectively N_ft:(T)), 
which is a free module of rank d over = Bq (X)Qp K (respectively A^ = Aq Ok)- Again, we 
simplify the notation by writing N(T) for Nq (T). The following result is immediate from Lemma 2.4 
and the construction of Wach modules (c.f. [Wac96], [Ber04]). 

Lemma 2.5. IfT is a representation of Qq , then we have a canonical isomorphism Nk(T) = N(T) 
Ok- 
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Recall (c.f. [Brr()4]) that F acts on both of these objects, and there is a map : NA'(T')[7r^^] — !> 
Nk{T)[(p{tt)~^] which preserves Nk{T) if T is positive (and similarly for V). For any j S Z we can 
identify NK{T{j)) with 7r~^Ni<-(T) e^, where ej is as above. Given an i?-module M with an action of 
If and a submodule N, (p*N denotes the i?-submodule of M generated by fiN), e.g. ip*NK{T) denotes 
the Aj^ Ox-submodule of NK(T)[7r-i] generated by (^(Nk(T)). 

2.6. Iwasawa cohomology and the Fontaine isomorphism. Let K be a finite extension of Qp and 
let T be a Zp-representation of Gk- Let ifoo be a p-adic Lie extension of K; so /^oo is a Galois extension 
of K such that Gal(_firoo/-f^^) is a compact p-adic Lie group. 

Definition 2.6. We define 

n 

where {Kn} is a sequence of finite extensions of K contained in K^o such that Koo ~ Uji-^n- ^ 
V = Qp ®Zp T , we write 

Hl^{K^, V) Qp H\Kn, V) 
(which is independent of the choice of Ijp -lattice T C V). 

In the case when Koa = -?^(/^p°°), we can describe Hl^{Koo,T) using Fontaine's theory of (<p,F)- 
modules. Let Tk = Gal(/4r(/^poo)/iir), which we identify with a subgroup of F. 

The following result is originally due to Fontaine (unpublished); for a reference see [CC99, Section II]. 

Theorem 2.7. We have a canonical isomorphism of K{Y k) -modules 

(1) ^w,T : OK{Tf-' Hl{KM,T). 

If T is a representation of Qq^, then the action of F extends to an action of Gal(/v (/ip=o )/Qp) on both 
sides, and the map hj^ j, commutes with the action of this larger group. We shall apply this below in 
the case when K is an unramified extension of Qp, so Tk = F and Gal(if (/Xpoo)/Qp) = F x Up, where 
Up = Gal(i^/Qp). 

Now let K he a, finite unramified extension of Qp, and assume that y is a crystalline representation of 
Qk whose Hodge- Tate weights lie in the set [a, h]. The following result is due to Berger [B(-r03, Theorem 
A.2]. 

Theorem 2.8. We have 'Bk{TY'^'^ C 7r"^-^N(T). Moreover, ifV has no quotient isomorphic to Qp{a), 
then Bk{TY'='^ C 7r''N(T). 

If a = and 1/ has no quotient isomorphic to Qp, we write Nk{T)'^"'^ instead of Bk{T)'^='^. Then 

(1) becomes 

(2) hl^r ■■ NK{Tf=' HUKifip^),T). 

3. Local theory: Yager modules and Wach modules 

3.1. Some cohomological preliminaries. As in Section 2.1, let Foo be the unramified Zp-extension of 
Qp and Ooo its ring of integers. Denote by Foo and Ooo their respective p-adic completions. Define the 
Galois group U = Gal{Foc, / F) which we identify with the additive group Zp, mapping 1 to the arithmetic 
Frobenius a G U. 

Lemma 3.1. Let t : U ^ be a continuous character (where E is a finite extension ofQp). Then 
the module 

is free of rank 1 over Oe, and 

H\U,doo{T))=0. 

Proof. See e.g. [FonOO, Proposition 1.2.4]. □ 
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3.2. The Yager module. In this section we develop an additive version of the construction in [Yag82, 
§2] in order to construct a certain module which, in a sense we shall make precise below, encodes the 
periods for the unramified characters of ^q^. Let Fn be the unramified extension of Qp of degree p", 
and denote by On its ring of integers. Let [/„ = Gal(i^oo/-Fn)- 

Definition 3.2. Let Xn £ On- We define 

y{Xn)= <[<y'^]^On[U/Un]. 

The ring 0„ [[//[/„] has the following two actions: 

• An action Ai(t/) of U/Un, arising from its action on 0„ (acting trivially on U/Un)- 

• A second action A2([/) of U/Un given by the canonical character U/Un ^ '^p[U/Un]^- 

Note that these two actions commute with each other; and that Ai([/) acts by ring automorphisms, 
but is not 0„-linear, while A2(C/) is On-linear, but does not preserve the ring structure. We let Sn 
be the Zp-submodule of i?„ where the two actions agree; thus Sn has a uniquely determined structure 
as a Zp[[//[/„]-module, and it is clear that the map y above is an isomorphism of Zp[[//t/,i]-modules 

On^S 

n ■ 

Proposition 3.3. If Xn G On, then the image of y(xn) in 0„[[//[/„_i] is equal to y(Tr„y(„_x-) a;„). In 
particular, the reduction has coefficients in On-i- 

Proof. Clear from the formula defining the map y. □ 

Passing to inverse limits with respect to the trace maps, we deduce that there is an isomorphism of 
A(t/)-modules 

(3) y : lim Cn Sqq := limS'n. 

n n 

We shall always equip with the inverse limit topology (arising from the p-adic topology of the 
finitely generated Zp-module Sn)- This topology is compact and HausdorfF, and coincides with the /-adic 
topology where / is the radical of A(J7). 

Definition 3.4. We refer to Soo as the Yager module, since it is closely related to the objects appearing 
in [Yag82, §2]. 

Wc will need the following result on the structure of l^m^^ 0„ : 

Proposition 3.5. The module lim On is free of rank 1 over A(C/). In particular, the natural map 
^m^^^ Om ^ On is surjective for each n. 

Proof- We first check the surjectivity statement. Let fc„ be the residue field of Fn- Since the extension 
kn+i/kn is separable, the trace map kn+i kn is nonzero; as it is A;„-lincar, it is surjective. Hence the 
trace map On+i ^ On is also surjective. 

It is well known that for each n. On is free of rank 1 over Zp [?//[/„]. Elements of On that generate 
it as a Zp[C//C/„]-modulc arc called integral normal basis generators of Fn/Qp- So we must show that 
there exists a trace-compatible sequence Xn G On such that Xn is an integral normal basis generator of 
Fn/Qp for each n. 

It is known (see Lemma 3.2 and Theorem 4.12 of [PiclO]) that if x G On is such that the reduction 
X e fc„ is a normal basis generator for the residue field extension kn/¥p, then x is an integral normal 
basis generator for Fn/Qp', and x G /c„ is a normal basis generator for fc„/Fp if and only if Trj-^/p (x) ^ 0. 
So it suffices to construct a sequence of elements Xn G On that are trace-compatible and satisfy xq ^ 
(mod p)- This is clear from the surjectivity statement above. □ 

Since 5,1 C Ooo[U/Un], we may identify 6*00 with a submodule of the ring 

AgJU)^\^doo[U/Un]- 
n 

The inclusion 5„ ^ Ooo\U/Un] is a closed topological embedding (where Ooo[U/Un] has the p-adic 
topology) and we deduce that "-^ Ag ([/) is also a closed embedding, where Kq {U) has its natural 
/-adic topology. 

The ring Ag [U) also has two actions Ai and A2 of U , and we have the following result: 
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Proposition 3.6. The image of Soo is {U)'^^-'^^ . 

Proof. As noted above, we have an embedding 5oo ^ Ag (U), which clearly must land in Ag {U)'^'-^'^^ . 

To show that this map is an isomorphism, we must show that if x e Ag {U)'^'-^^^ , then the image 
of X in Ooo[U/U„] lies in Sn for all n. To prove this, we note that (Ooo)^" = On, and the A2 action of 
Un on doo[U/Un] is trivial; hence d^[U/Un]^'^^'^^ On[U/Un]^'^^^^^"^ = Sn as required. □ 

The A(C/)-module Soo encodes the periods for the characters of U, in a sense which we shall now 
explain. Let t : U ^ denote a continuous character, where E is some finite extension of Qp. Then 
T induces a map Ag {U) Ooo Oe, which we also denote by r. 

Proposition 3.7. Let 57 G 5*00. Then t{Q,) G Oqc ®Zp Oe is a period for the character , in the sense 
that 

Moreover, if D, generates Sao cls a A{U)-module, then T{il) ^ (mod p) for all r. 

Proof. Let /„ denote the kernel of the map Oooli?/]] ^ Ooo[U/Un], a;„ = il + /„ G 5„ and let Xn G 0„ 
be such that y{xn) = Wn (mod /„). Then we have 

w„ = ^ Xn[a~^] (mod /„), 

so 

r(0)= (modr(/„)). 

We note that a group element a G U/Un acts on this element as multiplication by t{q); so it is a 
period for t^^ in {Ooo ®Zp Ob) l^iln)- 

It suffices, therefore, to check that the ideals t(/„) of Ooo <8>Zp Oe have zero intersection. By construc- 
tion, /„ is generated as an Ooo-niodule by it^" — 1 for any generator u of U. Hence t(/„) is generated 
by t{u^ ) ~ 1- By the continuity of r, the intersection of these ideals is 0. 

Moreover, the ideal r(/o) generated by t{u) — 1 is contained in the maximal ideal p_E C Oe, as the 
only continuous homomorphism Zp — > is the trivial map. Hence t{Vl) = (mod Pe)- In particular, 
if Xq is a unit, then r(ri) is a unit for all r. □ 

Remark 3.8. After the results in this section had been proven, we discovered that similar results had 
been obtained by Pasol in his unpublished PhD thesis [PasO-5, §2.5]. Our module 5*00 is the same as 
his module Dq. He uses the module Dq to relate Katz's 2-variable p-adic L- functions attached to a CM 
elliptic curve to the modular symbols construction by Greenberg and Stevens [GS!)3]. 

3.3. p-adic representations. Let T be a Zp-representation of Qq^ such that V = T[i] is crystalline. 

Remark 3.9. We could also work with an O/^-representation of Qq_ , where Ok is the ring of integers 
of a finite extension K of Qp. We restrict to the case if = Qp in order to simplify the notation; the 
extension to general K is immediate. 

Write N„(T) for the Wach module of the restriction of T to Qf^, which is canonically isomorphic to 
N(r) On by Lemma 2.5. This module also has an action of P (trivial on On) and of if (acting on 
N(r) in the usual way and on On as the arithmetic Frobcnius map). The trace maps On+i On induce 
maps N„+i(r) — N„(T) by extending scalars. 

For each n we equip the module N„(T) with the weak topology (the topology generated by the 
submodules (p, 7r)-'N„(r) for j > 0). Then N„(T) is compact and Hausdorff, and the trace maps are 
continuous (and surjective, since Tr : On On-i is surjective for all n > 1, as shown in the proof of 
Proposition 3.5). 

Definition 3.10. Let Noo(T) = ^im^ N„(T), where the inverse limit is taken with respect to the trace 
maps. 
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We equip Noo(T) with the inverse limit topology, which is again compact Hausdorff. Since the maps 
N„+i(T') — > N„(r) are induced from the trace maps On+i On and hence have essentially nothing to 
do with T, one might well expect that the module Noo{T) can be described simply in terms of N{T) 
and Soo — ^m^^ 0„ . However, the algebraic tensor product N(T) Soo is not the right object: we 
must complete it with respect to the /-adic topology, where / is the ideal of Aq A(J7) generated by 
(p, TT, M — 1) where u is a generator of U. 

Note 3.11. This completion N{T) 6*00 is clearly compact, and it is a finite-rank free module over 
the completion Aq ^{U). 

Proposition 3.12. We have a topological isomorphism 

Noo(r)-N(T) 5oo. 

Proof. Let us fix n > 0. Then the natural surjection Soo — ^ Sn extends to a surjection N(T) ®Zj, S'oo — ^ 
N„(T). This extends to a continuous surjection N(T) Soo N„(T), since / acts topologically 
nilpotently on N„(r). 

By the universal property of inverse limits, these maps assemble to a continuous map N{T) (8)^^ Soo 
Ncio(T). Since inverse limits arc exact for compact modules, this is still a surjection; and its kernel is 
trivial, since the kernel of N{T) Soo N„(T) is the submodule 

{uP" - 1) • (N(r) Soo) , 

and for any m there is n such that — 1 G /'". Being a continuous bijective map between compact 
Hausdorff spaces, wc conclude that this map is a topological isomorphism. □ 

By construction, NooiT) has actions of F and of U, which extend to a continuous action of A(r xU) — 
A(r) A([/). 

Assumption 3.13. From now on, assume that T has non-negative Hodge-Tate weights. 

Define (p*Noo(r) ~ ^im^ (/3*N„(T); then Assumption 3.13 implies that we have a canonical inclusion 

Noo(r) ^ ^*Noo{T) 

whose cokernel is annihilated by q'', for any h such that the Hodge-Tate weights of T lie in [0, h]. Note 
that the map (p : Noo{T) — ?> (p*Noo{T) commutes with the action of G. Similarly, the maps ip on N„(r) 
for each n give us a map 

V':^*Noo(r)^N(r), 

which is a left inverse of ip. 

Note 3.14. It is clear from the definition that ifui, . . . ,nd are an Aq -basis ofN{T), and ^l is a A(C/)- 

basis of Soo, then the vectors (g) f2 are a basis ofNoo{T) as a module over Aq (g)A([/). Moreover, the 
vectors 

{(1 + 7r)VK) ^Zp^■■0<^<p-l,l<j<d} 
generate ip*N{T) as a module over <p(Aq ) (giZp A([/). 

Lemma 3.15. The Frobenius ofNoo{T) corresponds to the map 

ip®ip: (N(r) Soo) ^ (<^*N(r) Soo) , 

where the operator ip on Soo is given by the arithmetic Frobenius element of U . 

Proof. This is clear from Lemma 2.4 and the fact that the isomorphism 0„ ^ Sn is [/-equivariant. □ 

The following proposition will be important for constructing the regulator map: 
Proposition 3.16. We have 

(^*Noo(T))'"=" = {ip*NiT)f=' Soo- 



IWASAWA THEORY AND P-ADIC L-FUNCTIONS OVER Z^-EXTENSIONS 9 

Proof. Choose a basis ni,...,nd of N(T) as above. Then any vector v G Lp*'Noo{T) can be uniquely 
written as 

p-l d 

w = ^ ^(1 + 7r)V(a;,j) • {ip{nj) 

for some Xij G Aq ^{U) (where we regard Lp as acting trivially on A([/)). 
Applying if), we have 

1=0 i=o 

Since u is invertible in A(f7), /S.i{u)^^Vl is also a A ([/) -generator of 5*00- Moreover, it is well known that 
■0 ((1 + tt)*) is 1 if i = and if 1 < i < p — 1. So we have ^^{v) = if and only if v is in the submodule 

p-i 

0(1 + 7r)V(N(T)) 5oo = (/p*N(r)'''=" 5oo. 

i=l 

□ 

Corollary 3.17. Let mi, . . . , 6e a basis for Lp*N{T)'^^^ as a K{T)-module, and let D, he a A{U)-basis 
of Sao ■ Then the vectors 

( mi f2 ) 

V ^ /i=l,...,n 

are a basis of Noo{TY'^^ as a A{U x T)-module. 

3.4. Recovering unramified twists. Let us pick a continuous character r of [/, taking values in 
for some finite extension E of Qp. There is a "twisting" map from Oe ®Zp ^{U) to itself, acting on 
u G [/ by M H> t{u)u. Taking the completed tensor product with Ooo we have a map 

which is A i([/)-equi variant, but twists the A2(C/) action by r. It is easy to see that this restricts to a 
map 

Oe Soo Soo ■ [Ooo Oe) 

Recall that by Lemma 3.1, ( Ooo ®Zp Oe 1 is a free O^j-modulc of rank 1. 

Proposition 3.18. There is a canonical isomorphism 

(4) N(T) (Oe Ooo)''"" N(T(t-1)), 

commuting with the actions of Aq , T , Lp and (where the latter two elements act on Ooo as the 
arithmetic Frobenius and its inverse). 

Proof. We know that there is a canonical embedding of Ooo into Fontaine's ring A, and also of N(r) into 
©(T) = (T (8) A) «f ; hence there is a canonical map from the left-hand side of (4) to 

T Oe A, 

which is clearly injectivc (since A is an integral domain). The image of this map is contained in 

(T Oe - ID)(T(t-1)), 

the ((y9, r)-modulc of T(r~^). In other words, the left-hand side of (4) identifies Noo(^r) ®k{u),t-^ Oe 
with an Aq (g) C'£;-submodule of D(T(t^^)) of rank d, which evidently satisfies the conditions defining 
the Wach nlodule N(T(r-i)) C D(r(r-i)). □ 

/ ^ \U=r 

Remark 3.19. Since [Oe ® Ooo ) is free of rank 1 over Og, any choice of basis of this space gives a 

non-canonical isomorphism between N(r(r~^)) and N(T) with its (^-action twisted by T(cr). However, 
the isomorphism (4) is canonical and does not depend on any such choice. 
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Theorem 3.20. There is a canonical isomorphism 

ir ■■ Oe Noo(T) Noo(T(r-i)) 
which commutes with the actions of ip, T, Aq and Oe, and satisfies 

ir{u o x) = t{u)u o It^x) 

for u £ U and x G Noo {T) . 

Proof. This follows immediately by tcnsoring the map 

Oe ®Zp ^oo Sao ■ (Ooo Oe) 

with N(T), and using the isomorphism (4). □ 

4. The 2-variable p-adic regulator 

4.1. A lemma on universal norms. Let F be a finite unramificd extension of Qp, and let T be a 

Zp-representation oi Qf- 

Definition 4.1. The representation T is good crystalline if V ^ T[l/p] is crystalline and has non- 
negative Hodge-Tate weights. 

By [Ber03, Theorem A. 3], for any good crystalline T there is a canonical isomorphism 

Hl^{F{^,,^),T) ^ {'k-MT)Y=\ 

We define a "residue" map 

by composing the above isomorphism with the natural map 

^ ' n{V) 7rN(l/) ^ ' 

As is shown in the proof of [Ber03, Theorem A. 3], the image of the map rpy is contained in Dcris(l^)^^^; 

in particular, if the latter space is zero, then H^^{F{iJ,poa),T) >- N(T)''^^^. 

Let us now take T to be a representation of Qq and consider its restriction to Qf^, where Fn is as 
above the unramified extension of Qp of degree p". Note that Bcris(^|0F„) — ID'cris(^^) ®Qp ^ri- 

Proposition 4.2. There is an uq (depending onV) such that 

Proof. Since the spaces (fn (8)Qp Deris (^))'^ ^ are an increasing sequence of finite-dimensional spaces 

whose union is {Fao Deris (^))*' ^ , it suffices to show that the latter also has finite dimension. This 

follows from the fact that F^o is a field, and {F^Y='^ = %. Thus dimQ^ (i^„ (8)q^ ^}„;^{V)Y < 
dimQp V, by Propositions 1.4.2(i) and 1.6.1 of [Fon94]. □ 

Proposition 4.3. Let Dcris(2^) denote the Zp-lattice in Deris(^) which is the image ofN{T). If m > 

n >no, X e Hl^{Fjn{^p^),T), and y coresF„/_F„ (a;) e Hl^{F„{fipc^),T), then we have 

rF^,v{y)ep"'~''On Deris(T). 

Proof. This follows from the fact that for any n > 0, we have a commutative diagram 

Hl{F^+l{flp^),T) Ifzlill (F„+i Derisl^^))""' 



coresF„_^i/F„ 



TrF„+i/F,. 



HUFn{pip^),T) ''^"'^ > (F„ eeris(T^))'' ' ■ 

If n > TZo, then the trace map on the right-hand side is simply multiplication by [Fn+i : Fn] ^ p. □ 
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Theorem 4.4. Supposex G H^^{Foo{Hp^),T). Then for any n > 0, the imagey ofx in Hl^{Fn{iJLp^) ,T) = 
(7r-iN„(T))'''"^ is contained mN„(T)'''=i. 

Proof. This follows immediately from the preceding proposition, since rp^^y{y) must be divisible by 
arbitrarily large powers of p and hence is zero. □ 

4.2. The regulator map for the unramified Zp-extension. For the rest of Section 4, we assume 
that T is a good crystalline representation of Qq^ . 

Proposition 4.5. We have a canonical isomorphism 

Proof. By [Bcr03, Theorem A.l], we can canonically identify Hl^{F,,{p.p^),T) with (7r-iN„(T))'''"\ 
Moreover, under these isomorphisms the corestriction maps from (^n+i (Mp°° ),T)io H^^ ( (F„ (/Xpoo ) , T) 
correspond to the maps 

7r-iN„+i(T) ► 7r-iN„(r) 

induced from the trace maps on the Wach modules. By Theorem 4.4, we have an isomorphism 

n n 

which finishes the proof. □ 

Define Hq^ (F) to be the algebra of Qp-valued distributions on F. Then as shown in [LLZll, Proposition 
2.11], we have a A(F)-equivariant embedding 

which is continous with respect to the weak topology on (^*N(T)'^^*' and the usual Frechet topology on 
?^Qp(F). Moreover, we have an embedding 

Sao^doo[[u]]^npju), 

which is continuous with respect to the weak topology on Soo and the Frechet topology on Tip (U). 
Hence the natural map on the algebraic tensor product 

extends to a continous, A{U x F)-equi variant map 

{ip*N{T)y^° ® 5oo npjU)®n{T) DcrisCl^) = npJU x F) Bcri.(T^). 
Definition 4.6. We define the p-adic regulator 

: HUFooil^p-),T) ^ HpjU x F) B,,UV) 

to be the composition of the above maps 

TipjUxT) D„isC^"). 

Here, we use that (p*Noo(T)'^=° ^ ip*N{T)'^'=° S^o by Proposition 3.16. 

By construction, C^^^ is a morphism of K{U x F)-modules. As suggested by the notation, we will 
usually invert p and regard C^^^ as a map on Hl^{Foa{fJ-p=°), V), associating to each compatible system 
of cohomology classes in H^^{Foo{fJ,p-^), V) a distribution on U xT with values in F^o Dcris(^)- 
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4.3. The general two-variable regulator. In this section, we extend tlie construction from Section 
4.2 to a slightly more general situation. Let K^o be any abelian p-adic Lie extension of Qp containing 
Qp(Mp) such that G = Gal{Kao/^p) has dimension 2. Then K^a is the composition of the field -FooCMp") 
above with some finite unramified extension L/Qp of degree prime to p. We therefore have G — T y.U x'^ , 
where 5' = Gal(L/Qp). Let L^o = LFao, which is the maximal unramified subextension of K^o, and let 
Lao be its p-adic completion. We letU = U x'i = Gal(Loo/Qp), which is topologically cyclic, generated 
by the arithmetic Frobenius a. Note that the action of U on L^o extends continuously to Loo, and 

Let T be a good crystaUine representation of Qq^, and V = T[l/p], as before. Clearly the represen- 
tation T' = Ind^''(T) is also good crystalline, so we may apply the theory of the previous section to T' . 
From Shapiro's lemma for each finite extension of Qp contained in Kao, we have 

Hi (Foo (mp~ ),T') = Hi {Kao , T) . 
On the other hand, since L is unramified over Qp, we have 

B,,UV') = ©cris("^^|gj = L «)Q^ Dcris(l^) 
and Hp [U x F) (xJq^ L = T-Lj^ {U x F). Thus we obtain a map 

: Hl{Kao,T) ^ -Hj^jU x F) B,,UV). 
We extend this to a map into Hj^ (G) Deris (1^) by defining 

We can summarise the properties of the map we have constructed by the following proposition: 

Theorem 4.7. Let K^o be an abelian extension of Qp containing Qp{fJ-p), such that G = Gal{Koo/Qp) 
is an abelian p-adic Lie group of dimension 2. Let L^o he the maximal unramified subextension of K^o- 
Then for any good crystalline representation T ofQq^, there exists a morphism of h.(G) -modules 

: HliKao/Qp,T) ^ ^iJG) Dcris(V^) 

such that: 

(1) for any finite extension F C -ft'oo such that F is unramified over Qp, we have a commutative 
diagram 

Hl{K^/qp,V) ^ n^JG) IDeris(^) 



Hl{F{tip^),V) ^ -HiJG')®^^ ©cns(^). 

Here G' = Gal(_F'(/ipoo)/Qp), the right-hand vertical arrow is the map on distributions corre- 
sponding to the projection G -» G' , and the map Cy is defined by 

C^'= J2 [r]-C^F.vir~'ox). 

reGal(F/Qp) 

(2) For any x G Hl(Koo/Q_p,V) and any character e of T , the distribution y>y^ (Ccvix)) on U, 
which is defined by twisting by e and pushing forward along the projection to U, is hounded. 

Moreover, the conditions (1) and (2) above uniquely determine the morphism Cy. 

Remark 4.8. Note that this theorem is also true if L^o = L{pp^) for a finite unramified extension L. 
In this case, the statement reduces to showing that the maps Cy are compatible under the projection 
maps, which is essentially immediate from the definition. 
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Proof. Let us show first that the map Cy defined above satisfies (1) and (2). Let T be a choice of lattice 
in V. 

We first suppose that Koo = -Foo(Mp°^)> so the field F must be Fn for some n > 0. By construction, 
the diagram 



commutes, where the arrows Zqo and i„ are induced by the inclusions 6*00 ^ "Hp (U) and S'„ ^ 
J^«[C//C/n] f^cx)[C//C/n]- If we identify Up^iG') with ?{(r) [?//[/„], then the rightmost vertical 

arrow is the one arising from the projection G ^ G' . The composite of the maps on the top row is 
the definition of Ly, and the composite of the arrows on the bottom row is clearly the map Ly . This 
proves (1) if K^o = ^"oo(Mp°°): ^-^d the general case clearly follows by applying this to the representation 
V = Ind^" V as above. 

Property (2) follows readily from Proposition 3.16, since Cy{x) is in the image of the completed tensor 
product {ip*n{T)'^=°) (g)z^ 5*00, and the map 'Hp^iU) factors through Aj?^(f7). 

It is clear that these two properties characterise Cy uniquely. It suffices to show that (1) and (2) 
determine the value of Cy{x) at any character of G. Such a character has the form ew where e is a 
character of F and is a character of Gal(Loo/Qp)- Property (1) uniquely determines the value at e x 
if w has finite order, and property (2) implies that for each fixed e, the function w ^ Cy{x){£ x tn) is 
a bounded analytic function on the rigid space parametrising characters of Gal(Loo/Qp), and hence is 
determined uniquely by its values on finite-order ro's. 

□ 

We now record some properties of the map Cy. 

Proposition 4.9. Let W C D(.ris(^^) be a ip-invariant subspace such that all eigenvalues of ip on the 
quotient Q = IDcris(^^)/W^ have p-adic valuation > —h (where we normalise the p-adic valuation on 
such that Vp{p) = 1). 

Then for any x S H^^(Koo, V), the image of x under 

HUKoo, V) ^iJG) ]D)cris(^) ^ 'HiJG) Q 

lies in 1?'^°'''^ (G, ioo) ® Q, where D'^'^'^^G, Loo) is the space of Lao-valued distributions of order (0, /i) 
with respect to the subgroups {U,T). 

Proof. This is immediate from the definition of the 2-variable regulator map and the corresponding 
statement for the 1-variable regulator, which is well known. □ 

Remark 4.10. Note that if Klt denotes the field of torsion points of any height 1 Lubin-Tate group over 
Qp that becomes isomorphic to over Loo, then Koo = L^oKlt, so we have a natural isomorphism 
between G = U x V and U x T^t- However, the resulting isomorphism UxT=UxTlt does not 
map U to W, since the first isomorphism identifies U with Gal(-Rroo/Qp(Mp°°)) and the second identifies it 
with Ga\{Kao/ Klt)- Rather, Tlt is identified with P (since both correspond to Ga^isToo/ioo))- Using 
Proposition C.l in the appendix, the definition of "order (0,/i)" with respect to the subgroups (W,r) in 
fact depends only on P, and thus we would obtain distributions with the same growth properties if we 
worked with the regulator map attached to an arbitrary height 1 Lubin-Tate group as in [Zha()4]. 

Proposition 4.11. If a € U is the arithmetic Frobenius of Loo/Qp, and a is the unique lifting of a to 
G acting trivially on Qp{l^p<=°), then for any x G Hl^{Loo,V) we have 

[C^{x)Y ^[a]-C^ix). 



Proof. Immediate from the definitions. 



□ 
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Proposition 4.12. If mi, . . . ,md are a A{r)-basis of ip*N{T)'''=° , and h a K{U)-hasis of Soo ®Zp Ol, 

then the image of the p-adic regulator is contained in the Aj^^{G)-span of the vectors 

{ioo{mj ® ^ ^ . 

Proof. Follows from Corollary 3.17. □ 
Proposition 4.13. The kernel of Cy is a finitely generated Tip-module. 

Proof. By replacing T with Ind^'' T as before, we may assume that L^o = -Foo- Now by construetion, we 
have Noo(r) = ^mNi?„(T), and the action of ip is compatible with the projection maps pr„ : Noo(7') ^ 
Nf„(T). It follows that if x e Noo(r), then {ip - l)a; = if and only if \ip - l)pr„(a;) = for aU n. 
However, 

{y G Nf„(T) : - l)y = 0} C OfATY=^ = T^"" ■ 
As T is a finitely generated Zp-module, this finishes the proof. □ 

The next statement requires some extra notation. Let tu be a continuous character lA — >■ O^, where 
E is some finite extension of Qp. Then there is an obvious isomorphism 

(5) Hl{L^,T{w)) - Hl^{L^,T){w). 

Moreover, via the isomorphism V Bdis == Ifciis(l^) Bcris, we can regard the space 

B,,i,{Viw)) = {E V M,,,,f 
as a subspace of ]I]'cris(^) E Bcris- Since the natural inclusion Loo ^ ®cris induces an injection 

{E ioo)"=""' ^ {E M„,,f'i.=^~' 

which must be an isomorphism (as the right-hand side must have i?-dimension < 1), we have a canonical 
isomorphism 

In particular, there is a canonical isomorphism 

Loo KlQp ]D)cris(V"(w)) = E Loo ®Qp Bcris(V^)- 

We also have a canonical map 

Tw^-i : E H^^ (G) ^ E H^^ (G) 

which on group elements corresponds to the map g i— >■ zu(g)~^g. Tensoring with the canonical isomor- 
phism above, we obtain a map (which we also denote by Tw^-i) 

E®Q, 'HiJG) Bcri.(V^) 'HzJG) «)Qp Dcris(F(n7)). 

Proposition 4.14. With the identifications described above, the regulator Cy is invariant under twisting: 
there is a commutative diagram 

Oe ® i?il(ioo, T) E ® (G) D„is(^) 

Tw^- 

£G 

HULoo,T{m)) n^JG) 8>Qp n,,uv{^)) 

Proof. As usual, we may replace T with Ind^'' T and hence reduce to the case where L = Qp. 
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By (5), we have canonical isomorphisms H^^{Loo,T) Oe = Noo(r)'''-^ and H^^{Loo,T{w)) = 
Noo{T{w))'^^^ . We can therefore rewrite the above diagram to obtain the following: 



Noo(T(tn)) 



ip=0 



s(^M). 



Here the middle two vertical maps are obtained by restriction from that of Theorem 3.20, taking 
r = w^^; as noted above, this isomorphism commutes with ip and ip. 

The commutativity of the middle square is clear. Moreover, the isomorphisms 



N(r(tn)) ^ N(T) (Ob Ooo) 



and 



are compatible (since the first is given by multiplication in 
Ooo in Bcris factors through the natural maps A+ ^ A+ ' 



the second in Bcris, and the inclusion of 
Acris)- Hence the commutativity of the 



right square follows, as the twisting maps Ag (U) — Ag ([/) and Hp (U) — !• Hp (U) are evidently 
compatible. 

It remains to establish the commutativity of the left square. We shall do this by comparing T with 
its reductions modulo p'^ for each k. Let T' = T{'uj). For ease of notation, we shall assume that E = Qp; 
the general argument is essentially identical but messier to write down. We have 

HULoo.T) - ]^HULoo,T/p'), 

k 

and similarly for T'; so it suffices to show that for each fc > 1, the images of x G Noo{T)^^^ in 
Hl^{L^,T/p'') and in Hl{L^,T'/p>') coincide. 

Given k, there exists an n{k) such that vu\u„ is trivial modulo p*^ for all n > n{k). Thus T/p^ = T' jp^ 
as representations of Qe,^ for all such n; in particular, we have canonical isomorphisms 

©„(r//) -p„(r7/). 

There are obvious maps Noc,(T) N„(r) Bri(T) -> D„(T/p'=), and similarly for T'; and one checks 
that the isomorphism of Theorem 3.20 is compatible with the above canonical isomorphism. Since the 
Fontaine isomorphism 

is functorial, the images of x in the cohomology groups H^^{Fn{iJ,p^),T/p'') and H^^{Fn{iJ.p°<:),T' /p'^) 
are equal. □ 

4.4. An explicit formula for the values of the regulator. In this section, we use the results from 
the previous section to give a direct interpretation of the value of the regulator map Cy at any de Rham 
character of U, relating these to the values of the Bloch-Kato exponential maps for V and its twists. 

As above, let be a continuous character of U with values in O^; for some finite extension E/Qp. 
Combining Proposition 4.14 with the defining property of 'Cyj-^j in Theorem 4.7, we have: 



Theorem 4.15. The following diagram commutes 



Ul (G)° ]D)eris(T^) 



Pl"c 
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Here Hj^ {G)° denotes the subspace of Hj^ (G) satisfying the Galois-equivariance property of Propo- 
sition 4.11. The map pr|^ is the composite of the isomorphism (5) with the corestriction map; the 
right-hand vertical map is the composite of Tw^~i with push- forward to F. (Hence both vertical maps 
are W-cquivariant, if we let 14 act on the bottom row by zu^^.) 

For completeness, we shall recall the formulae for the values of the cyclotomic regulator map Cy at 
locally algebraic characters, in terms of the dual exponential map. Let d = dimQ^ V and assume that 

jei. 

We first recall some results about the classical p-adic regulator constructed by Perrin-Riou (see [LLZll, 
Definition 3.4]) 

£.\, : HUQp,^,V) ^ Hq^(F) ©cris("t^). 

For n > and j G Z let 

be Bloch and Kato's dual exponential map [Kat93] for V*{1 + j) = V{-j)*{l) over the field Qp,„. 

We may identify ^cris{V{—j)) with Dcris(l^), via the map which sends v £ Dcris(l^) to Pv (gi e_j £ 
^cris{V{—j)); and we may identify Hl^{Qp, V{—j)) with Hl^{Qp, V) e_j. Hence in particular we may 
project any x G ^^/^(Qp.oo, V) into -ff^(Qp.n, for any n and j. We denote the image of x under 

the latter map by x„j. 

For X G Hl^{Koo,V), denote by its image in H^^{Qp^oo,V{wj). We can now apply Proposition 
B.l to obtain the following formulae for the values of Cy: 

Corollary 4.16. Let x G H^^{Kao,V). For any integer j > we have 

d^{x){x\w) 

= - p> ip){l - p-^-^ ifi-^)-^ (cxpo,y(^-i).(i+j)(x^,Oj) ® *"^ej) , 
while for ui a finite-order character of T of conductor p" > 1, we have 
'Cy(a;)(x-'w,TZ7)T(w) 

V'^er/r„ / 

5. The 2- variable regulator for global representations 

Let K be a number field, p a (rational) prime, and p a prime of K above p. We choose a prime of 
K above p, and identify Qk^, with the decomposition subgroup of *p. 

5.1. Semilocal cohomology groups. In this section, we will carefully set out some statements about 
local and global cohomology groups which seem obvious at first sight but are deceptively tricky. Suppose 
that i is a finite extension of K . Then the set of primes of L above p can be identified with the double 
quotient Gl\Qk /GKp- The prime corresponding to the double coset of cr G Qk is q = L n cr(*P); in 
particular, (t(*P) is a prime of K above q, and we can identify Ql^ with the decomposition group of (j(*P) 
in Ql, which is Gl n crQKf,o-~^- 

If T is a finitely generated Zp-module with a continuous action of Gk, then for each q above p we 
may consider T as a representation of Ql^ as above. The cohomology 

is independent (up to a canonical isomorphism) of the choice of a in its double cosct^. 



"'^This follows since if a' = -yrjT with 7 G Qi^ and r G , the action of 7"^ on T gives an isomorphism H^{Qij D 

""'G-ffp I H^iQh n crCJxp o"^^ , 7"); and this isomorphism is independent of the choice of 7, since 7 is uniquely 

determined up to right multiplication by 5l H crGKpCr^^, and the action of Ql H crQxf<^^^ on H^{Ql H crQKff^~^ - T) is 
trivial. 
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We define the semilocal Galois cohomology groups 

Zl{L,T) = @H\L„T) 

H\gLr\agK,rT-\T). 

For T 6 Qk , the action of r on T intertwines the action of the decomposition group of a prime q of i 
(corresponding to a double coset x) with that of the prime T(q) of t{L) (corresponding to the double 
coset of Tx in tQlt~^\Qk /Qk^)] and we obtain isomorphisms 

W{L„T) ► i/X^(i)r(q),r), 

coinciding with the canonical identifications above ii t € Ql, which assemble to a bijection 

T,:Z;{L,T) ^ Z;{t{L),T). 

In particular, if L/K is Galois, we have an action of Gal{L/K) on Zp{L,T). Moreover, there is a 
canonical restriction (localisation) map locq : H^{L,T) — > H^{Lq,T) for each q, and hence a map 
locp : H\L,T) — > Zp{L,T); and it is easy to see that this map commutes with the action of Gal{L/K). 

Remark 5.1. One can also see this via the description of Z'^{L,T) using the induction of T from Qk^ to 
Qk, as in [RubOO, Appendix B, §5], but this is inconvenient for our purposes since the induced module 
that is used is not finitely generated. 

5.2. Construction of the regulator map. Now suppose that = Qp, and let K^o/K be an abelian 
Galois extension containing K{iipoa) with Galois group G = x A, where A is finite of order coprime 
to p. 

We define 

Zl^^^iK^,T) = limZ;iK',T), 

where the limit is over finite Galois extensions K' / K contained in Koo- This is clearly a A(G')-module, 
being an inverse limit of Zp[Gal(i4r'/if )]-modules. 

Suppose Koo is such that there are only finitely many primes above p. The choice of *P defines one of 
these primes, namely q = Koo n*p. For a e Qk, write T"^ for the representation of Qk with the same 
underlying space as T but with the action of Qk given by p"{t) = p{aTa~^), where p : Qk Aut(T) is 
the structure map of the representation T. Then 

ZiV.p {Koo , T) = Inn W {Ql n afe, ^-\T) 

^ <j€GL\gK/gKf 

= lhn H\a-^QLanQK,,T'') 

(6) = HlJKoo,„Tn. 

<y<^GK^\GK IGk^ 

Note that the summands in (6) are not A(G)-modules, but they are A(Gq)-modules, where Gq is the 
decomposition group of q in G. 

Let us identify C/q with the decomposition group of *p in Qk , and suppose that T is good crystalline 
as a representation of . Then the same is true of T'^ for all a G Qk (or equivalently, for a set of coset 
representatives of Qk^XQk/Qk,,)- For each a we obtain a filtered (/^-module ID'cris,p(V^) and a regulator 
map 

C'^l : Hl{Koo,^,T^) " e„,s,p(l^") ^L^(Gq) 

as constructed in Section 4.3. Here, Loo is the maximal unramified extension of K^ contained in Koo,'^, 
and Loo denotes its p-adic completion. 

The action of t G Qk intertwines the ^Qp-actions on and V"^"^, for each cr. Since Hl^{Koo,q,—) 
and Deris (—) are functors, we obtain morphisms 

r,jw : Hi^{Koo,q,T'^) «- Hl^{Koo.q,T'^'^) 
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G G 

The regulator map is also evidently functorial in V , so Cyl^ o r*jw = '''♦.cris ° l^yl- 

For any a S Qk^ denote by a its image in G. Then the distributions on G supported on the coset (iGq 
are a direct summand of "Hj (G). We have a map 

mapping v ® [i \.o {<y~'^)*{v) ® where 5* : Bcris,p(^^'') -> lD'ciis,p(l^^'') is the map induced by 

n:V^ ^ V^^. Moreover, we have a commutative diagram 

^*,cris 

]D)cris,p(l^"") ^L^(Gq) ^ ID)cds.p(F) ^^^(afG,). 

where the right-hand vertical arrow is induced by translation by r. Note that any set of coset representa- 
tives of Qk^\Qk/Qk^ maps under the quotient map Qk G to & complete set of coset representatives 
of G/G^. Hence we obtain a map 

(7) C% ■■ ^/w,p {Koo,T) . Bcds.p {V)®q,n^^ (G) 

given by ©g-gg^. ^v''" "which is compatible with the actions of G on its source and target. 

Lemma 5.2. The kernel of Cy^ is a finitely generated 1p-module. 

Proof. Easy consequence of the construction and Proposition 4.13. □ 
Remark 5.3. One can check that there is an isomorphism of A(G)-modules 

Z/„,p(A'oo,r) - A(G) 0A(G,) Hl{K^,„T), 
and that the extended regulator (7) corresponds to the map obtained from 

C^" : HUKoo,,,T) ► De,is,p(^) ®Q, n^JG,) 

by extending scalars to A(G). 

Remark 5.4. One can use the regulator maps to construct Coleman maps and restricted Selmer groups 
of V over Koo, in the spirit of the constructions in [LLZIO] for the cyclotomic extension. 

6. The module of p-adic L-functions 

Throughout this section, let isT be a totally complex Galois extension of Q in which p splits completely, 
(p) = pi . . . pe. For each of these primes, fix an embedding of Q into Kp.. Let T be a Zp-representation 
of Gk of rank d, and let V = T[p-^. 

Assumption 6.1. For alll <i <e, the restriction of V to Qk^. is good crystalline. 

Let S be the finite set of primes of K containing all the primes above p, all the archimedean places 
and all the places whose inertia group acts non-trivially on T . Denote by the maximal extension 
of K unramified outside S. Let K^o C be a Galois extension of Q containing Q{fJ.p-^) such that 
Ga\{Koo/ K) = A X Zp for some finite abelian group A of order prime to p. 

Assumption 6.2. There are only finitely many primes in K^o dividing {p). 

Example 6.3. Such extensions occur naturally when K is an imaginary quadratic field in which p splits: 
for instance, we may take K^o to be the maximal abelian extension of K unramified outside the primes 
above p. We shall study extensions of this type in more detail m §7 below. 

As Kao is a Galois extension of Q, the Galois groups G'A\{Kao,pjKp.), I < i < e, are conjugate to each 
other in Gal(i^oo/Q), as are their inertia subgroups. If Loo,i denotes the maximal unramified extension 
of Kf^i in Koa,pi-, we get canonical identifications of Loo,i with Looj for all 1 < i, j < e. We can therefore 
drop the index and denote this unramficd extension of Qp by Loo- 
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As explained in Section 5.2, for 1 < i < e, we have a regulator map 
Via the localisation map locp. : H^^ g{Koo,T) Z^^ p,{Koo,T), it induces a map 
which we also denote by Cy^^.. Let 

e 

©^(F) -ID)cds((lndK/QF)|g,J =0ID'cris,p,(^). 

1=1 

Define 

e 

= 0^v,p, : Hl^siKoo, V) ► n^JG) %(^). 

1=1 

As rankA(G) -^iw si^oo,T) — dhy Theorem A. 11, the regulator Cy induces a map^ 

d 

detC^ : det Hl,siKoo,V) ► n^JG) A®f(^)- 

Assume that Conjecture Leop(-ftroo, 1^) (Conjecture A. 13) holds, so Hf^{Koo/K,V) is Aq^ (G)-torsion. 
Let /2 G Aqp(G') be a generator of its characteristic ideal (c.f. [BouG5, §4.4]). Denote by /Cj (G) the 
fraction field of Hj^ (G). 

Definition 6.4. Define Iaritii,p(^) to be the h.<Q^{G)-submodule of Kj^ (G) Oq^ /\'^Dp(F) 

Iarith,p(V^) = /2 det {HliKoo, T)) . 

In the spirit of Perrin-Riou (c.f. [PR03, §3.1]), we can give an explicit description of Iaritii,p(V^) as 
follows: 

Proposition 6.5. Let c = {ci, . . . ,Cd} C H^^ g(K^,V) such that if C denotes the KQ^(G)-suhmodule 
of H^v/ g{Koo,V) spanned by the elements of c, then the quotient H^^ g{Koo,V)/C is Aq^ (G) -torsion. 
Denote by f^ G Aq^ (G) the corresponding characteristic element. Then 

Iarith,p(l^) = Aq^(G) C^id) A • • • A £^(cd). 

Proof. Clear from the construction. □ 
Note 6.6. If g{Koo,V) is a free Aq^{G) -module, then Iarith,p(l^) is contained in T-Lj^ (G). 
Remark 6.7. Via the isomorphism 

d d 

(G) ® A ®f (^) = HoniQ, ( /\ ep(y* (1)), ICi^ (G)) , 
we can consider the Aq^ (G)-module laiith.p(l^) as a submodulc of 

d 

HomQ^(/\©p(l^*(l)),/C£^(G)). 
The following proposition implies that larith.p(l^) 7^ 0: 

Proposition 6.8. Assume that conjecture Leop(A'oo, ^*(1)) holds. Then the kernel of the homomor- 
phism 

e 
i=l 

is A{G) -torsion. 



^Fov the definition of tlie determinant of a finitely generated A(G)-module, see [l\M7(i]; c.f. also [PROl, §3.1.5]. 
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Proof. We adapt the arguments in [PR!)r), §A.2]. For < j <2, define the A(G)-modules 

e 

Z^Koo^T) =^H(JK^^,,T) and Z^^{K^,T) ^ ^ Zl^^{K^,T). 

v£S i=l 

Also, define 

^L,s(^oo,r) = W{Gs{K^),V*{l)/T*{l)). 

Taking the hmit over the K,n,n of the Poitou-Tate exact sequence gives an exact sequence of A(G')- 
niodules 

. Xl^siKoo^ry . Hl^siKoo,T) . ZUKo.,T) 

— ^ x'^^siKoo^ry — ► 0. 

Since we assume conjecture Leop(/Coo, it follows from Proposition A. 10 that rankA(G') X^ g{Koo,Ty 

0, so ker([) is A(G)-torsion. As 

rankA(G) Zg{Koc,T) = rankA(G) Zp{Kao,T) 
by Proposition A. 8, this implies the result. □ 
Corollary 6.9. The A{G)-module larith.p(^) is non-zero. 

Proof. Consequence of Proposition 6.8 and Lemma 5.2. □ 

7. Imaginary quadratic fields 

7.1. Setup. Throughout this section, let K be an imaginary quadratic field in which p splits; write 
(p) = pp. We now introduce a specific class of extensions Koo/K for which the hypotheses in Section 6 
are satisfied. Let f be an integral ideal of K prime to p and p, and let K^o be the ray class field K{^p°^). 
We assume that f is stable under Gal(A'/Q), which is equivalent to the assumption that K^o is Galois 
over Q. It is well known that K^o ^ K{pp^), and that the primes p and p are finitely decomposed in 
K; so G — Gal{Kao/ K) is an abelian p-adic Lie group of dimension 2, and the decomposition groups Gp 
and Gp are open subgroups. 

Let us write Fp = Gal(A'oo/A'(fp°°)) and Tp = Gal{Koo/ K{fp°°). Note that Fp and Fp arc p-adic Lie 
groups of rank 1 whose intersection is trivial, and the open subgroup Gal(A'oo/-fi'(f)) is isomorphic to 
Fp X Fp. 

Let T be a Zp-representation of Gk of rank d, and let V = T[p^^]. As in the previous section, assume 
that for ★ G {p:p}i the restriction of V to Qk^, is good crystalline. 

Lemma 7.1. We have a canonical decomposition 

d / m n \ 

va+n—d \ J 

Proof. Clear from the definition. □ 
To simplify the notation, let ©^(l/)^"'") = A™ lD)cds,p(l^) ®Qp A" Uteris, ,5(1^). 

7.2. Galois descent of the module of L-functions. 

Definition 7.2. For m,n eN such that m + n = d, define larithp(^) image o/ Iarith,p(^) in 

ICp^{G) ID)p(X^)(™^") induced from the projection map /\'^Bp{V) Dp (T/) 

The following theorem is the main result of this section: 

Theorem 7.3. If d ~ 2n, then li"it'hp(^) ^'^s in 1Cl{G) Dp(F)*^"'"-', where L is a finite unramified 
extension of Qp . 

The rest of this section is devoted to proving this theorem. As in Proposition 4.11, let dp G Gp be 
the unique element of Gp which lifts the Frobcnius automorphism at p of K{^p°°) and which is trivial 
on K(pp^), and similarly for p. 

Lemma 7.4. The element apijp G G has finite order. 
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Proof. Let us consider the "semilocal Artin map" 

Here 0p is the Artin map for Kp, normahsed so that uniformisers map to geometric Frobenius elements. 
The kernel of 6 is the image in A'p^ x A'^^ of the elements of A'^ which are units outside p and congruent 
to 1 mod f. 

By the functoriality of the global Artin map (cf. [NcniOfJ, VI.5.2]), there is a commutative diagram 

X A- G 



r, 



The bottom horizontal map is the local Artin map for Q(/ipoo)/Q; if we identify T with , this map is 
the identity on and sends p to 1. 

Consider the element {p, 1) of Kp x Kp . The image of this in Gal(Ar(fp°°)/A') is the Frobenius ap. Its 
image in Qp^ is p, which is mapped to the identity in T. Hence the image of {p, 1) in G is ap. Similarly, 
is a lifting of ap. 

Hence o-pCTp is the image of the element {p,p) of A'p^ x . Thus if m is such that p™ = 1 mod f, 
e ATp'' X A'p"" is in the kernel of 6, and hence (ffpCTp)"' = 1 in G. □ 

Corollary 7.5. Let xi, . . . ,Xn G Z^{Koo, V) (ind yi, . . . , y„ € Z^(Koo, V). Then the element 

{C^,pixi) A • • • A C^Jxn)) ® {C^,p{yi) A • ■ • A C^-piVn)) 
in Hi^iG) ID)p(F)("^") m fact lies in 

nUG) 

where L is a finite unramified extension o/Qp. 

Proof. Clear, since the Frobenius automorphism of Loo acts on this clement as multiplication by [fipcTp]", 
which we have seen has finite order. □ 

Remark 7.6. As is clear from the proof of the lemma and its corollary, the degree of L/Qp is bounded 
by the exponent of the ray class group of K modulo f, and in particular is independent of V . 

We deduce Theorem 7.3 by combining Corollary 7.5 with Proposition 6.5. 

7.3. Orders of distributions. Let us choose subspaccs Wp C /\™ Bcris.p(^) and Wp C /\" Deris, p(^)- 
Then the space 



Q = i/\B„isAV)/Wp i/\B,,i,^p{V)/Wp 



is a quotient of I])p(l/)'™'") and hence of IS)p{V). So, for any ci, . . . , G H^^ s(-^oo' ^® ™^^y consider 
the projection of 

£^(ci,...,Cd) =/:^(ci) A---A/:^(cd) 

to Q. 

Theorem 7.7. The distribution prg (i3y(ci) A • ■ • A £y(C(i)) is a distribution on G of order {mhp, nhp) 
with respect to the subgroups (rp,rp). where hp is the largest valuation of any eigenvalue of Lp on 
A'"IIicris,p(^)/M^p, o-nd similarly for hp. 

Proof. Let us write Cj,p for the localisation of Cj at p, and similarly for p. By Proposition 4.9, for each 
subset {ji, . . . ,jm} ^ {^T ■ ■ ,d} of order m, the projection of the element 

^v,pi^ji,p) A • • • A CYp{cj^^p) 

to A™ ^cris,p/Wp is a distribution of order (/ip,0) with respect to the subgroups {Tp,U), where U = 
Gal(Aroo/Ar(/ipco ). By the change-of-variable result of Proposition C.l in the appendix, it is also a 
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distribution of order (ft.p,0) with respect to the subgroups (PpjEp). (Indeed, ahhough wc do not need 
this here, the locahsation of K{fp°^) at a prime above p is weh known to be the field of division points 
of a height 1 Lubin-Tate group, so this is an instance of the remark following Proposition 4.9.) 

We have also a corresponding result for the projection to /\" lUcris.p/Vl^p of the distribution obtained 
from any n-element subset of this gives a distribution with order (0,/ip) with respect to 

(rp,rp). Since the product of distributions of order (a, 0) and (0,6) is a distribution of order (0,&), 
the product of any two such subsets gives a distribution with values in Q of order (hp, hp). Since 
prg (£y(ci) A • • • A Cy{cd)) is a finite linear combination of products of this form, the theorem follows. 

□ 

7.4. Example 1: Groessencharacters and Katz's L-function. 

7.4.1. Kummer maps. Wc recall the well-known local theory of exponential maps for the representation 
Zp(l). For any finite extension L/Qp, there is a Kummer map kl : — > H^{L, Zp(l)), whose kernel is 
the TeichmuUer lifting of k^. In particular, the restriction to the kernel U^{L) of reduction modulo the 
maximal ideal is an injection. 

Moreover, after inverting p, we have a commutative diagram relating the Kummer map to the expo- 
nential map of Bloch-Kato (see [BK90]): 

Qp U\L) H\L,Qp{l)) 



<R^(Qp(l)) H\L,Qp{l)) 

where the vertical map scuds'^ u to log(u) <E) ei, where ei is the basis vector of Qp(l) corresponding 
to our compatible system of roots of unity. 

The maps kl are compatible with the norm and corestriction maps for finite extensions L' / L, so for 
an infinite algebraic extension Loo/Qp wc can take the inverse limit over the finite extensions of Qp 
contained in Loo to define 

^^L^ ■■ U\L^) iJi\„(Loo,Qp(l)), 

where U^{L^) := hm^,^^ U^{L')- 

7.4.2. Coleman series. We recall the following basic result, due to Coleman. Let J- be any height 1 
Lubin-Tate group over Qp, and F an unramificd extension of Qp. Fix a generator v = (vn) of the Tate 
module of J- (that is, a norm-compatible sequence of p"-torsion points of J-). 

Theorem 7.8. [ColTD] Let F be a finite unramified extension of Qp. Then for each /3 = (/?„) e 
U^{F(J-p^)) , there is a unique power series 

where Njr is Coleman's norm operator, such that for all n > 1 we have 

Here a is the arithmetic Frobenius automorphism of F/Qp, which we extend to an automorphism of 
©Fil-''^]] acting trivially on the variable X. 

If J- is the formal multiplicative group Gm, then we shall drop the suffix and we take = — 1, 
where (C„) is our chosen compatible sequence of p-power roots of unity. In this case, if we identify X 



In the definition of this map, it's important to note that the definition of t € B^p^ depends on a choice of p-power 
compatible roots of unity, as does the choice of a basis vector ei of = Qp (^Zp lim /Jpn ; but changing the roots of 

unity by 7 S r multiplies ei by x(7) ^nd by x(7)~"'^i the map is independent of the choice. 
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with the variable tt in Fontaine's rings, the relation between the map gp and the Perrin-Riou regulator 
map is given by the following diagram: 



u\F{^lp^)) 



Hl{F{^lp^),'Lp{l)) 



9F 



O 



ix,Af=l 



'-FA 



.(1) 



o 



F[[T^_ 



1^=0 



If we identify D^V(Qp(l)) with F via the basis vector t ® ei, then the bottom map sends / S 



log 71 



and dJl is the Mellin transform as defined in Section 



Of[[k]\^=° to 4 • where 4 - 

2.3. (See e.g. the proof of Proposition 1.5 of [LLZll].) Thus the image of the bottom map is precisely 
4 • Aoj,(r) C Hi.(r); and if we define 



„(i)(^F„(/3)) e Ao,(r), 



then we have 



m{hpm = a-^)^oggpi/3). 



7.4.3. Two-variable Coleman series. Now let Krx,/Qp be an abclian p-adic Lie extension containing 
Qp(/.ipoo) such that G ~ Gal{Koo/Qp) is a p-adic Lie group of dimension 2. Let Foo be the completion 
of the maximal unramifed subextension of Koo ■ We define 

: U\K^) AgJG) 

to be the unique map such that the composite 



c' 



Qp(i) 



np (G) 



is equal to £o ■ hoc- 

Proposition 7.9. The element hoo{(3) is uniquely determined by the relation 

hooW)= '^FWpVi'y] (mod If) 

ijEUf 

for all unramified subextensions F C K^o, where Up = Gal(_F/Qp), Ip is the kernel of the natural map 
Ag (G) — > Ag (Up X F), and (3p denotes the image of P in U^{F{^p<yo)). 



Proof. This follows from the compatibility of the maps and C'~^ (Theorem 4.7(i)). 



□ 



We would like to compare this result to Theorem 5 of [YagXl']. Our method differs from that of Yager, 
as we build measures on G out of measures on the Galois groups of extensions F{^poo)/ F for unramified 
extensions F C i^oo, while Yager considers instead the extensions F{Fp^)/F where F is the Lubin-Tate 
group corresponding to an elliptic curve with CM by Ok- 

Let !F be any Lubin-Tate formal group over Qp which becomes isomorphic to Gm over Foa- If F is 
any finite unramified extension of Qp contained in K^o, then F{Fp^) C Kaa- For any P € U^{Koo), let 
Pp^j^ be its image in U^{F{Fpa^)). Then Coleman's theorem (Theorem 7.8) gives us an element 

9pAM^Op[[xr^^-=\ 



We write 



t-f,t{Pf,t 



1 



^]\og{gFAP)oe) 



where 9 is the unique power series in C'oo[[A']] giving an isomorphism F 

Cn-1- 



Gm such that ij„ maps to 
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Theorem 7.10 (de Shalit). We have 

,:fYW\ (mod If,t), 

where If.f is the kernel of the natural map 

KqJG) ^ Ag^(Gal(F(J,»)/F)). 

Proof. See [dS87, §1.3.8]. (Note that the theorem is stated there for K^o = Qp^, the maximal abehan 
extension of Q^; but the theorem, and the proof given, are true with Koo replaced by any smaller 
extension over which the formal groups concerned become isomorphic.) □ 

It follows that the map hao defined above coincides with the map constructed (under more restrictive 
hypotheses) by Yager in [Yag82]. In particular, if c denotes the clement of the global obtained by 
applying the Kummcr map to the elliptic units, then C'^y{c) is equal to where /i is Katz's p-adic 
L-function. 

7.5. Example 2: Two-variable L-functions of modular forms. We now consider the restriction to 
Qk of the representation V of Qq attached to a modular form / of weight 2. level prime to pA^^/Q, 
and character 5. Let i? C be the completion of Q(/) C Q at our chosen prime of Q. We take V — VJ , 
so V has Hodge-Tate weights {0, 1} at each of p and p. Let {a, /?} be the roots of — OpX +p5{p), so 
the eigenvalues of on either Deris, p(^) or IIJcris,p(V') are and Z?"""^. 

Definition 7.11. A p-refinement of f is a pair u = {up,Up) C {a,/3}^^. We say that u is non-critical 
if Vp{up) , Vp{up) < 1; otherwise u is critical. 

Let Koo be an extension of K with Galois group G, satisfying the hypotheses specified in Section 
7.1. For a finite-order character w of G, let L^p py{f/K,w~^,s) denote the twisted L-function with the 
factors at p and p removed. For A a finite place of K, let 

Px{w,X) = l-Xw{X) 

be the local L-factor of n7 at A (where, as usual, we interpret n7(A) as if tn is ramified at A). 

Conjecture 7.12 (Existence of L-functions) . Let [up,Up) be a p-refinement which is non-critical. Then 
there exists a distribution fif{up, Up) on G, of order (wp(up), Vp[up)) with respect to the subgroups (Fp, Fp), 
such that for all finite- order characters vo we have 

, Up) = 

P.i^.u-^) \ L{p,p}{f/K,w-\l) 




Remark 7.13. The definition of the order of a distribution on is given in Section C.2. The hypothesis 
that the p-refinement be non-critical implies that the distribution fj,f{up,Up) is unique if it exists, since 
a distribution of order (r, s) with r, s < 1 is uniquely determined by its values at finite-order characters. 

Two approaches are known to the construction of such L-functions: either via p-adic interpolation of 
Rankin-Selberg convolutions, as in [Hid85, PR88, KimlO], or via the combinatorics of modular symbols 
on symmetric spaces attached to GL{2,Ak), as in [Har87]. The details have not been written down 
in the full generality described above (although M. Emerton and B. Zhang have announced results of 
this kind in a paper which is currently in preparation). The literature to date contains constructions of 
/i/(up,up) in the following cases: 

• if / is ordinary, (5 = 1, and u is the "ordinary refinement" (a, a) where a is the unit root [IIar87] 

• if / is ordinary, u is the ordinary refinement, and G decomposes as a direct product of cigenspaces 
for complex conjugation [PR 88] 

• if / is non-ordinary, Up = up, [K{fp) : K] is prime to p, = 1, and we consider only the 
restriction of the distribution to the set of characters whose restriction to Ga\{K{fp)/ K) docs 
not factor through a Dirichlet character via the norm map [KimlO]. 
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Remark 7.14. (i) We have chosen to write the interpolating formula (8) in a way that emphasises the 
similarity with that of [CFK+05]. The cited references use a range of different formulations, and the 
distributions they construct differ from ours by various correction factors; but in each case the existence 
of a measure satisfying their conditions is equivalent to the conjecture above. 

(ii) If / is ordinary and u is the ordinary refinement, the condition that ^JLf{u) has order (0, 0) is simply 
that it be a measure. In the non-ordinary case considered by Kim, the condition that Hf{u) has order 
{Vp{up),Vp{up)) is more dehcate, and depends crucially on the decomposition of the Lie algebra of G as 
the direct sum of the Lie algebras of the Zp-extensions contained in if(p°°) and in K{p°°). 



We now give a conjectural interpretation of these p-adic i-functions in terms of our regulator map 



Conjecture 7.15. Choose a basis v o/Fil"Dcris,p(^^) ®Qj, Fil° Dcris,p(V") C Bp(y)(i'i). Then there is a 
distinguished element c € /\^ H^^ 5(^00, Vf) such that for all finite-order characters w , we have 

L{f/K,m-\1) 



(cxPK,^y,(i)(^-i) Aexp;f^^^^(i)(^-i)) (c„) 



Moreover, c is a K{G)-hasis 0/ Iarith,p(^^)- 



We choose a basis Va,v^ of iy9-eigenvectors in Deris (V'), and for a p-refinement u = {up,Up), we let 

may normalise such that Va + V/3 is a basis of Fil Deris (^); we take 

w (g) u as our basis of Fil" Dp(F). 

Proposition 7.16. Let c G /\^ H^^ si-^°°, V)- Then for each p-refinement u (critical or otherwise) , the 
projection of {C^ y AC^ y){z) to the subspace E-Vu C 'Up{V)^^'^^ is a distribution of order {vp{up), Vp{up)). 
If c satisfies the condition of Conjecture 7.15, then the projection of {C^y AjC^y){c) satisfies the inter- 
polating property (8). 

Proof The values of {C^y A Cf y)ic) at VJ can be expressed in terms of those of the dual exponential 
map using Proposition 4.16, which clearly gives the formula of (8). The statement on the order of the 
distribution {C'^y AC^y){c) is clear, since it is a linear combination of products of distributions of orders 
(wp(up), 0) and (0, Up(up)). □ 

In particular, when the refinement u is non-critical, we conclude that Conjecture 7.15 implies Conjec- 
ture 7.12 and the projection of (jO'^y A C'^y){c) must be equal to the uniquely determined distribution 
Hf{u). 



Appendix A. Local and global Iwasawa cohomology 

In this section, we prove some results on the structure of inverse limits of cohomology groups for p-adic 
representations in towers of representations of local and global fields, generalising well-known results for 
cyclotomic towers. 

A.l. Conventions. We shall work with extensions of (local or global) fields whose Galois group is of 
the form G = A x Z^, where e > 1 and A is a finite group of order prime to p. Since G has no elements of 
order p, the Iwasawa algebra A(G) is reduced. It is not, however, an integral domain; it is isomorphic to 
the direct product of the subrings e,,A(G), where t] ranges over the Qp/Qp-conjugacy classes of characters 
of A. For each such 77, e,,A(G) is isomorphic to (E)Zp where O,, is the ring of integers of the 

finite unramified extension of Qp generated by the values of 77. 

In order to greatly simplify the presentation of our results, we shall adopt a minor abuse of notation. 

Definition A.l. We shall say that a A{G)-module is torsion if and only if :— e^/M is torsion for 
each rj. More generally, we shall say that rank^^gjA/ — r if M,^ has rank r over e^jKiG) for all ?/. 

When using this notation it is important to bear in mind that when A is not trivial, most finitely 
generated A(G) modules will not have a rank. 

Note A. 2. If AI is a finitely generated A{G)-module, then M is torsion if and only if it has rank zero. 
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We say that a A(G')-niodule M is cofinitely generated if its Pontryagin dual A/^ = Hom(A/, Qp/Zp) 
is finitely generated, and we define corankA(G) (-^) to be rankA(G) when this is defined. 
In both the local and global cases, we will use the following result; 

Theorem A. 3 ([How02, Theorem 1.1]). If G is any pro-p, torsion-free p-adic Lie group, and M is 
a cofinitely generated K(G)-module, then the cohomology groups H^{G,M) are cofinitely generated 1p- 
modules, zero if i > dim G, and we have 

dimG 

^ (-1)' corankz^ H\G, M) = corankA(G) M. 

A. 2. Local results. Let be a finite extension of Q;. Let V a Qp-representation of Qq^ of dimension 
d, and choose a Galois invariant Zp-lattice T. We have the following result due to Tate: 

Theorem A. 4 (Tate's local Euler characteristic formula). The cohomology groups H^{F, V/T) are zero 
for i > 2 and cofinitely generated Zp-modules for < i < 2, and we have 

±i-iy corank.^ WiF, V/T) ^ h/ ^ ^^^^ = ^ 

otherwise 

1=0 k 

Proof. For the finite generation, see [RubOO, Appendix B, Proposition 2.7]. The Euler characteristic 
formula follows immediately from this and the corresponding result for finite modules, for which see 
[NSWOO, §VII.3]. □ 

A. 2.1. The case I = p. We now let Foo/F be a Galois extension, whose Galois group G is of the type 
described above. 

Proposition A. 5. The cohomology groups H^(F^,V/T) are zero for i > 1. For i = 0,1 they are 
cofinitely generated A[G) -modules, with well-defined A(G)-coranks given by 



corankA(G) H\F^,V/T) 



«/ j = 

[F:Qp]d ifi^l. 



Proof. Since G contains an infinite pro-p subgroup, Gal(i^/_F'oo) has p-cohomological dimension 1, by 
[NSWOO, §VII 7.1.8(i)]. Moreover, H°{Foo,V/T) is a submodule of V/T, and hence has finite Zp-corank; 
it is therefore clearly A(G')-torsion. 

Let 77 be a character of A, and let Loo = F^, so Gal{Lao/F) = Z^. We then have 

e, ■ H\Foo,V/Ty ^ W{Loo,V/T{rj)y{rj), 

and hence it suffices to prove that H^{Foo,V /T) is cofinitely generated, with the stated corank, under 
the assumption that A is trivial. 

The cofinite generation follows readily from the infiation-restriction exact sequence: we have an exact 
sequence 

H\F,V/T) ^ H\G,H\Foo,V/T)) ^ H\G,H\Foo,V/T)), 

and since the first and last terms are cofinitely generated Zp-modules, the second term must also be so. 
By Nakayama's lemma, we conclude that H^{Foo,V/T) is a cofinitely generated A(G')-module. 

To calculate the corank of H^{Foo,V/T), we note that by the Hochschild-Scrre exact sequence, we 
have 

2 dim G 1 

^corankz,i/*(i^,F/r) = ^ ^(-1)''+^ corankz, //"-(G, F/T)). 

i=0 r=0 s=0 

The left-hand side is equal to —[F : Qp]d, by Tate's formula; while Howson's theorem (Theorem A. 3 
above) shows that the right-hand side is equal to 

^(-1)^ corankA(G) H-\Foo,V/T) = - corankA(G) H\Foo,V/T), 

S 

since we have seen that the corank of the s ~ term is zero. □ 
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We now pass from the cofinitely generated case to the finitely generated case. We define 

Hl^iF^,T) ■.= ^W{L,T) 

L 

where the inverse hmit is over finite extensions L/ F contained in Foo ■ 

Proposition A. 6. The modules Hl^{Foo,T) are zero for i ^ and for i > 2. For i = 1,2 they are 
finitely generated A.{G) -modules, with well-defined ranks given by 

I U tf I ~ 2. 

Proof. These resuhs fohow from the previous proposition by Tate local duality: we have isomorphisms 

H'{L,Ty = H^-'{L,V*il)/T*{l)) 

for each finite extension L of F, and the transpose of the corestriction map is the restriction map. 
Moreover, we have 

lim W{L,V*{1)/T*{1)) = W{F^,V*{1)/T*{1)), 

from which it follows that 

HUF^,T) = H^-\F^,V*{l)/T*{l)Y. 

□ 

A. 2. 2. The case I ^ p. Let F^o/F be a Galois extension, whose Galois group G is of the type described 
above. The following two results can be proven analogously to Propositions A. 5 and A. 6 above. 

Proposition A. 7. The cohomology groups H'^{F,^,V/T) are zero for i > 1. For i = 0, 1 they are 
cofinitely generated torsion A{G)-modules. 

Proposition A. 8. The modules Hl^{Fao,T) are zero for i — and for i > 2. For i — 1,2 they are 
finitely generated torsion A{G) -modules. 

A. 3. Global results. We now let be a number field, which (for simplicity) we shall suppose to be 
totally complex. Let be a Qp-representation of Qk of dimension d, and choose a GA'-invariant Zp- 
lattice T. Let 5* be a finite set of places of K containing all the primes above p, all infinite places and 
all the places whose inertia group acts non-trivially on V, and let Ks be the maximal extension of K 
unramificd outside S. 

Theorem A. 9 (Tate's global Euler characteristic formula). If M is a cofinitely generated lip-module with 
a continuous action of Ga\{Ks/K), then the cohomology groups H^{Gs{K), M) are cofinitely generated 
Ijp-modules and we have 

^(-l)^corankz^ H\Ks/K,M) = -i[A' : Q]d. 

i>0 

Proof. For the cofinitc generation see [RubOO, Appendix B, Proposition 2.7(i)]; the Euler characteristic 
formula is an immediate consequence of this and Tate's global Euler characteristic formula for finite 
modules, for which see [NSWOO, 8.6.14]. □ 

We now consider a Galois extension Koo/K, contained in Ks, whose Galois group G is of the form 
A X Zp, where e > 1 and A is abelian of order prime to p as above. For i > 0, we define 

Hl^^siKoo.T) = \^H\Ks/L,T) 

L 

where the limit is taken over number fields L satisfying K C L <Z A'oo, with respect to the corestriction 
maps. We also define 

Xl^s{Ko.,T) = H\Ks/K^,V*{l)/T*{l)y. 

Since we are assuming throughout that p ^ 2, the groups ifj^ s(^°°^ ^^"^ -^iw s(^°^^ 
i > 3. Moreover, H^^ g{Koo,T) is clearly also zero (c.f. [RubOO, Appendix B, Lemma 3.2]). 
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Proposition A. 10. For < i < 2, the groups H^^ g{Koo,T) and Xf^ si-^oo, T) are finitely generated 
A{G)-modules, and for each rj we have 

ranke,^A(G) Hl„ g{Koo,T),, = ranke,^A(G) -^^iw^sC^oo, 

Proof. This follows from [OV03, Theorem 3.3] if A is trivial, so we shall show that the general case may 
be reduced to this. As in the local case, we see that ii G = Ax H where H ^ Z^, then for any character 
T] : A ^ , we have 

Hl^^s{Koo,T) = e,A(G) ®o0.,A(i/) Hl^^s{Lo.,T{r')) 

where L^o = ^''^i^: and similarly 

Xl^^siKoo.T) = e,A(G) ®o®.,a(h) ^^^^^(i^, r(rr^)). 

Thus the result follows by applying the cited theorem of Ochi and Venjakob to each of the representations 
T{ri~-^) over the extension Loo/K. □ 

Theorem A.ll. For each rj, we have 

ranke^A(G) HI^ c.{Koc,T),, - ranke^A(G) Hj^ g{K^,T),^ = dimQ^ V. 

Proof. By the same argument as in proposition A. 10, we may assume that A is trivial; and using the 
result of that proposition, it suffices to show that 

corankA(G) H\Gs{K^),V/T) - corankA(G) H\Gs{K^),V/T) = dimQ^ V. 

This follows from Howson's theorem and the global Euler characteristic formula, in exactly the same 
way that Proposition A. 5 follows from the local Euler characteristic formula. □ 

Remark A. 12. Note that this result is slightly stronger than [OV03, Theorem 3.2]: we do not need to 
assume that the image of Gs{K) in GL(V^) is pro-p. 

We shall assume throughout the following conjecture, which corresponds to the "conjecture de Leopoldt 
faible" of [PR95, §1.3]: 

Conjecture A. 13. [Conjecture Leop{Koo,V)] The module Hf^ g{Koo,T) is K{G)-torsion. 

Note that this is independent of the choice of lattice TCI/. 

Corollary A. 14. // Conjecture Leop(ii'oo, 1^) holds, then H^^ g{Koo,T) has well-defined K{G)-rank, 
equal to \[K : Q]o?, where d = rank^^ T. 

Remark A. 15. If K is not totally complex, then Tate's Euler characteristic formula gives an expression 
for the cohomological Euler characteristic in terms of the dimension of the plus and minus eigenspaces of 
complex conjugation at each real place. However, the dimensions of these eigenspaces are not necessarily 
the same for ^(j;) as for V, for each character t] of A; hence even if Leop(i^oo,^) holds, the module 
-^iw s(^°°^'^) could fail to have well-defined A(G)-rank. 

Appendix B. An explicit reciprocity law for Perrin-Riou's p-adic regulator 

In this section, we give the proof of Proposition 4.16. Let be a good crystalline representation of 
f/Qp, and assume that V has no quotient isomorphic to Qp. 

Proposition B.l. For any integer j > we have 

while for uj a finite-order character ofT of conductor p^^ > 1, we have 



v<Ter/r„ 
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Proof. Fix X G Hi^{Qp,oo, V). Then via Berger's comparison isomorphism (c.f. [Bcr03]) 
we may consider x as an element of (Bj1[ q (g) Deris (V^)) ; let us write 



X 



J2 



m>0 



for some Vrii G ID)cris(l^)- Then x ® e_j is an element of Hl^(Qp^oa,V{—j)), and we write Xn,j for its 
image in (Qp,„, X^(-j)) . We have 

m>0 

where = Pvm ® e_j G ID)cris(^(-j))- 

Using [Bcr03, Theorem II. 6], we have for any n > 1 

cxp*,v.(i+j) {xnj) = p""ay(„j) (v?""(a; e_j)) ■ 

By the first displayed formula of Lemma II. 1 of op.cit., if we let Dj : Qp^n[[t]] Qp,n be the map sending 
^ a„t" to Oj, this is 



y m>0 



_ 1 



or, identifying Dcris{V{-j)) with Dcris(V^) (which maps p"^(p "(umj) to ip "(v™)), 

(9) exp;^.(i^.^.) (x„,,) = p-" ^ D, (Cp.e*/f" - l)" . 

m>0 

Meanwhile, for n — the formula of [Bcr03, Theorem II. 6] becomes 

expS,v.(i+j) (a;o,j) = (1 -p"V"^)5v(-i)(a;(8)e_j), 
and wc deduce by exactly the same argument that 

(10) e^Po,vHi+j) M = P"" E (1 - p-'-'v-')M D, (e* - l)" . 

m>0 

On the other hand, (1 — tf){x) G (Brig f ® Il)cris,_F(V^) j , and we may write this as 

(1 - ^){x) = - ^W'^M). 

m>0 

By definition, C\^{x) is the unique element of 'H(r) ® Deris (^) such that 

Cl{x)-{1+Tr) = {l-V){x). 

We now remark that the map B^^ — >• Qp_„ (g)Qp Qp(j) defined by / M> Dj(/((;^p.ie*/P" — 1)) ® ej is a 
homomorphism of H(r)-modules, which maps 1 + tt to -^^pj^ (X" ej- Hence we have 

^^^''^ ■ ® °M ^ ^^p"'*^"" " " (^p"-^^*^'"" - i)"V(«™) 



, m>0 



(When n = 0, this holds with the convention that C_i = Co = Twisting back into Qp,„ ® ID'cris(l^), 
we have the equality 

{Tw jC\,{x)) ■ Cp" 

(11) = I E «™ D,(Cp.e*/^'" - 1)™ - ipM D,(Cp.-ie*/P""' - 1)^ 

\rn>0 m>0 

Let US apply to both sides of (11) the idempotent ^crer/r„ Qpi^) '^Qp Qp[^/^n]- The 

left-hand side maps to t(w) (Tw^ £y(a;)) (w) = r(w)£y (a;)(x"'w). For n > 1, the second sum on the 
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right-hand side maps to zero (since it is stable under r„_i and ui is primitive) and the first sum is the 
image of the corresponding term of (9) under p"(^+-'^'j!(y3". For n = the right-hand side of (11) becomes 




D,(e* - 1)™ - ^("™) - 1)"' N E (1 - P'^)M D,(e* - 1)", 

ym>0 m>0 J m>0 

and we obtain the stated formula by comparing this with (10). □ 

Appendix C. Functions of two p-adic variables 

Let p be a prime. We let L be a complete discretely valued subfield of Cp, and let Vp denote the p-adic 
valuation on L, normalised in the usual fashion, so Vp{p) = 1. 

C.l. Functions and distributions of one variable. We recall the theory in the one-variable case, as 
presented in [CzlO]. Let /i e M, /i > 0. 

Let / be a function Zp L. We say / has order h if, informally, it may be approximated by a Taylor 
series of degree [h] at every point with an error term of order h. More precisely, / has order h if there 
exist functions /^-'■',0 < j < [h], such that the quantity 



V) ^ f{x + y) -2_^ 



satisfies 



sup Vp (e(x, y)) — hn 



as n cx). (It is clear that this determines the functions /'^°\ . . . , f^^^f uniquely.) 

We write C^{'Lp,L) for the space of such functions, with a Banach space structure given by the 
valuation 

«c'^(/) = inf ( .inf Vp{f^'\x)), inf Vp{ef{x, y)) - hvp{y) 

We define the space D'^{Zp,L) of distributions of order h to be the continuous dual of C^{'Lp,L). 
Then we have the following celebrated theorems (due to Mahler for /i = and to Amice for /i > 0): 
(1) The space C^{Zp, L) has a Banach space basis given by the functions 



for n > 0, where l{n) is, as in §1.3.1 of [C'zlO], the smallest integer m such that p™ > n. 
(2) The space LP^ {Zp, L) of L-valued locally polynomial functions of degree iVis dense in C^{Zp,L) 
for any > [/i] , and a linear functional 

^ : LP^{Zp,L) L 

extends continuously to a distribution of order h if and only there is a constant C such that we 
have 

> C — hn 




for ah a e Zp, n e N and < /fc < A. 

C.2. The two-variable case. We now consider functions of two variables. For < a, 6 < 1, we define 
the space 

C^''''\Zl,L) CnZp,i) ®L C\Zp,L), 

with its natural completed tensor product topology. We regard this as a space of functions on Z^ in 
the obvious way, and refer to these as the L- valued functions on Z^ of order (a, 6). It is clear that 
C(°^°)(Z2,L) is simply the space of continuous L-valued functions on Zp, and that if a' > a and b' > b, 
then C^°-''^'\Zl,L) is dense in C^°-''\Zl,L). Moreover, for any (a, 6) the space LA{Zl,L) of locally 
analytic functions on Z^ is a dense subspace of C'°'^-'(Zp, i). 
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Note that any choice of Banach space bases for the two factors in the tensor product gives a Banach 
space basis for C'°'^-'(Zp, L). In particular, from (1) above we have a Banach basis given by the functions 

Jal{m)] + [bi{n2)] f^A 



: (xi,X2) 

\ni/ \n2 

The following technical proposition will be useful to us in the main text: 

Proposition C.l. For any h > 0, the space C^'^''*-' (Z^, L) is invariant under pullback via the map 
^ : (x, y) — >■ {x, ax + y), for any a 'ElTL^. 

Proof. It suffices to show that <I'*(c„i.„2) can be written as a convergent series in terms of the functions 
Cmi,m2 with uniformly bounded coefficients. We find that 



ax\ + X2 

"2 



1=0 



P' 



The functions x\ i— J- are continuous Zp-valued functions on Zp, and hence the coefficients of 

their Mahler expansions are integral; and since the function l(n) is increasing, we see that the coefficients 
of <I>*(c„j.„2) in this basis are in fact bounded by 1. □ 

Dually, we define a distribution of order (a, 6) to be an element of the dual of C^"'^-* (Z^, L); the 
space D^°-''''> (Zp, L) of such distributions is canonically isomorphic to the completed tensor product 
D%Zp,L) ®L D\Zp,L). 

An analogue of (2) above is also true for these spaces. Let LP^^^'^^^^ (Zp, L) denote the space of 
functions on Z^ which are locally polynomial of degree < A^i in xi and of degree < N2 in X2 (i.e. the 
algebraic tensor product LP^^CZp, L) ®l LP^^{Zp, L). 

Proposition C.2. Suppose Ni > [a] and N2 > [b]. Then LF(^i^^^)(Z2, L) is dense in C^''^^\l?p,L), 
and a linear functional on LP^^'-'^^^Zp, L) extends to an element of of Zp extends to an element of 
£)(°'^)(Zp,L) if and only if there is a constant C such that 

(12) vp\l f^L_^y7^iH_^y^dMl >C-ani-6n2 




'(xi,X2)e(ai+p"iZp)x(a2+p"2Zp) \ P / \ P ' / J 

for all (01,02) e Z^, (711,712) e N^, < fci < iVi aTid < fc2 < N2. 

The proof of this result is virtually identical to the 1-variable case, so we shall not give the full details 
here. 

In particular, if a, & < 1, we may take A^i = A'^2 = 0, and a distribution of order (a, 6) is uniquely 
determined by its values on locally constant functions, or equivalently, by its values on the indicator 
functions of open subsets of Z^. Conversely, a finitely- additive function /i on open subsets of Z^ defines 
a distribution of order (a, b) if and only if there is C such that 

Vpp{{ai +p"iZp) X (02 +p"'Zp)) > C - flTii - bn2. 

One readily verifies that the convolution of distributions of order (a, 6) and {a',b') has order (a + 
a\b + b'). 

It is important to note that the spaces of functions and of distributions of order (a, 6) depend on a 
choice of coordinates; they are not invariant under automorphisms of Z^, even if a = b. However, dual- 
ising Proposition C.l above, the space of distributions of order (0,/i) is invariant under automorphisms 
preserving the subgroup (0,Zp). 

Remark C.3. One can also define a function / : Z^ — > L to be of order for a single non-negative real 
h, if f has a Taylor expansion of degree [h] at every point, with the error term e{x,y) (defined as above) 
satisfying 

inf Vr,e{x, y) — hn ^ 00. 
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This definition is invariant under automorphisms of Zj, (and indeed under arbitrary morpliisms of locally 
Qp-analytic manifolds). However it is not so convenient for us, since locally constant functions arc only 
dense for h < 1, and a finitely-additive function on open subsets extends to a linear functional on this 
space if we can find a C such that 

(13) Vpti{a+p"Zl) >C ~nh. 

The requirement that this be satisfied, for some /i < 1, is much stronger than the requirement that (12) 
is satisfied for some a,b < 1. 

We shall also use the concept of distributions of order (a, b) on a slightly larger class of group: if we 
have an abelian p-adic Lie group G, and an open subgroup H with distinguished subgroups Hi, H2 such 
that H = Hi X H2 and Hi ^ H2 = l^p, then we may define a distribution on G to have order (a, b) if its 
restriction to every coset of H has order (a, b) in the above sense. Note that this does not depend on a 
choice of generators of the groups Hi , but it does depend on the choice of the subgroups Hi , H2 ; so when 
there is a possibility of ambiguity we shall write "order (a, b) with respect to the subgroups Hi, H2" ■ 

Note that an application of Proposition C.l shows that a distribution has order (0, h) with respect to 
the subgroups (iJi, i?2) if and only if it has order (0, h) with respect to {H'i,H2) for any other subgroup 
H'l complementary to H2\ that is, in this special case the definition of "order (0, ft.)" depends only on 
the choice of H2. 
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